
Structure of
biological networks



Outline

• Review of Lecture 1
• Representations
• Basic concepts
• Real vs random networks
• Biological questions



Representation

• Graphs, digraphs, weighted graphs
• Bipartite graphs
• Hyper-graphs
• Stochiometry matrices



Graphs
G=(N,E)

N={n1 n2,... nN}

E={e1 e2,... eM}

ek={ni nj}

Constrains:
- no duplicate edges
- no loops etc

E.g. 
Nodes: proteins
Edges: interactions



MutligraphG=(N,E)

N={n1 n2,... nN}

E={e1 e2,... eM}

ek={ni nj}

+ duplicate edges

     i.e.   em={ni nj}

E.g. 
Nodes: proteins
Edges: interactions of different sort: 
                                                     binding and similarity



Hypergraphs
G=(N,E)

N={n1 n2,... nN}

E={e1 e2,... eM}

ex={ni, nj,  nk ...}

Constrains:
- no duplicate edges
- no loops etc

E.g. 
Nodes: proteins
Edges: protein complexes



Directed Hypergraphs
G=(N,E)

N={n1 n2,... nN}

E={e1 e2,... eM}

ex={ni, nj .. | nk nl ...}

E.g. 
Nodes: substances
Edges: chemical reactions A + B -> C +D 
                                                         X={A, B .. | C, D ...}



Bipartite graphs

substances   reactions



Bipartite graphs

substances   reactions



Directed Graphs
G=(N,E)

N={n1 n2,... nN}

E={e1 e2,... eM}

ek={ni nj}

Constrains:
- no duplicate edges
- no loops etc

E.g. 
Nodes: genes and their products
Edges from A to B: gene A regulates expression of gene B



Flux Balance Analysis

S.v = bA:-r1=-RAB:-r1+r4-r2-r3=0
C:+r2-r5-r6=+RcD:+r3+r5-r4-r7=+RD
E:+r6+r7=+RE

Steady state Mass Balance

Internal fluxes

-1  0  0  0  0  0  0  
 1 –1 -1  1  0  0  0 
 0  1  0  0 –1 –1  0   
 0  0  1 –1  1  0 –1 
 0  0  0  0  0  1  1   

Transportation fluxes
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Summary

• Different problems -> different graphs



Basic concepts

• Degree, components, path length,
diameter

• Clustering coefficient
• Centrality and betweenes
• Random graphs: giant component,

component size distribution



Basic concepts
Nodes: proteins
Edges: interactions

•Node degree

•Components

•Shortest path

•Diameter=<Shortest Path>
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Basic concepts
Nodes: proteins
Edges: interactions

•Node degree

•Components

•Shortest path

•Diameter=<Shortest Path> ∑
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Basic concepts

• Clustering coefficient of node i  :
       C(i)= 2E(i)/(k(i)(k(i)-1))

      =fraction of realized interaction
                                between the neighbors
      = # of triangles that include i  / (k(i)(k(i)-1))

• Clustering coefficient of graph G :
        C = 1/N ∑ C(i)

i=1..N



Basic concepts
     “Centrality”
• Betweenness
    - of node k

 where sij is the number of SHORTEST paths from i to j

    sij (k) the number of such paths that go through k

 - edge m
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COMPARE REAL NETWORKS
                      WITH  RANDOM ONES

        in all these parameters

• Wagner et al 2000
• Barabasi et al 2000
• AB model
• Robustness

WHAT IS A RANDOM GRAPH ?





Paul ErdÖs and A. Rényi,

On the evolution of random graphs

Magyar Tud. Akad. Mat. Kut. Int. Kozl. 5 (1960) 17-61.



Random graphs

• Erdos-Reyni
– start with N nodes
– pick two at random and connect them

(exclude loops and double edges)

– continue till M edges are formed

Degree:             <k> = 2M/N
k distribution:   Poisson
diameter l :        l ~ logN
clustering coef: C ~ 0



Random graphs

• Erdos-Reyni
      p=2M/(N(N-1))  c=2M/N



The evolution of random graphs G(n,p)
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The evolution of random graphs G(n,p)

0

  cycles of any size

  one giant component, others are trees.

 log n/n

    connected and almost regular.

1/n
 p

  disjoint union of trees.

c/n

  the double jumps.

 c’/n

  G(n,p) is connected.

 w log n/n, w->↑



FINALLY..

COMPARE REAL NETWORKS
WITH RANDOM GRAPHS



it’s not a random graph!

Wagner MBE 2000



it’s not a random graph!
Andreas Wagner
Mol. Biol. Evol. 18(7):1283–1292. 2001

IT’S ALMOST SCALE-FREE (=POWER-LAW) GRAPH



it’s not a random graph!

IT’S ALMOST SCALE-FREE (=POWER-LAW) GRAPH



Random vs power-law
Barabasi A et.al. Nature:411(2001)
Wagner A Mol Biol Evol:18(2001)

Random



Other scale-free networks
Barabasi A et.al. Nature:411(2001)

• Metabolic network
• Network of social interactions: 

scientific collaborations, actors in films

• The Internet:
links, physical connections







Random vs power-law
Barabasi A et.al. Nature:411(2001)
Wagner A Mol Biol Evol:18(2001)

The network of protein-protein interactions 
(and other molecular biological networks)
are scale-free networks!

                        WHY?
• Scale-free networks are “better”…
           OR/AND
• Biological networks became scale-free due to
  evolution.



     Random          Scale-free
• Removal of a randomly

picked node
significantly increases
the average path.

• All nodes are of equal
“importance”.

• Removal of a random
node slightly increases the
average path.

• Removal of a highly-
connected node leads to
drastic increase of the
average path!

POWER-LAW NETWORKS

• Tolerant to random “attacks”,
• But more sensitive to targeted  attacks!



Figure 2 Changes in the diameter d of the network as a function of the
fraction f of the removed nodes. a, Comparison between the
exponential (E) and scale-free (SF) network models, each containing
N = 10,000 nodes and 20,000 links (that is, k = 4).



Figure 3 Network fragmentation under random failures and attacks. The relative size of
the largest cluster S (open symbols) and the average size of the isolated clusters s (filled
symbols) as a function of the fraction of removed nodes f for the same systems as in Fig. 2.
The size S is defined as the fraction of nodes contained in the largest cluster (that is, S = 1
for f = 0). a, Fragmentation of the exponential network under random failures (squares)
and attacks (circles). b, Fragmentation of the scale-free network under random failures
(blue squares) and attacks (red circles). The inset shows the error tolerance curves for the
whole range of f, indicating that the main cluster falls apart only after it has been
completely deflated
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the largest cluster S (open symbols) and the average size of the isolated clusters s (filled
symbols) as a function of the fraction of removed nodes f for the same systems as in Fig. 2.
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(blue squares) and attacks (red circles). The inset shows the error tolerance curves for the
whole range of f, indicating that the main cluster falls apart only after it has been
completely deflated



Evolution of
scale graphs (AB model)

1. Growth
2. Preferential attachment

              Alberts and Barabasi 2000
         Herbert A. Simon 1967



Evolution of graphs
• Growth

1. start with m0 nodes
2. add a node with m edges
3. connect these edges to existing nodes
at timestep t : t+m0 nodes, tm edges



Evolution of graphs
• Preferential attachment
   Probability Π of connection to

node i depends on the degree ki of this
node.

E.g.

             “Rich gets richer”



Evolution of power-law graphs
1. Growth
2. Preferential attachment

Rich gets richer:



Better evolution of graphs

• Gene duplication
• Mutations
• Preferential attachment

A. Wagner, M.Lassig, A.Maritan etc



More biological
neutral evolution of graphs

• Gene duplication

• Mutations

A.Wagner,  M.Lassig,  A.Maritan,  S.Redner  etc.



More biological
neutral evolution of graphs

• Gene duplication

• Mutations (rich gets richer)

=> Broad (not power-law) distribution!

A.Wagner,  M.Lassig,  A.Maritan,  S.Redner  etc.



Summary
• Structures of some biological network are

known (partially and with lots of mistakes!)

• They do not look like random graphs,
more like power-law graphs.

• Such structures can be
- results of neutral evolution
- results of selection

(for robustness or other properties ….)





Biological questions

• Lethality and centrality
• Degree anti-correlations
• Regulatory motifs
• Communities



Biological questions

• Lethality and centrality
Jeong H, Mason SP, Barabasi AL, Oltvai ZN. 
Lethality and centrality in protein networks. 
Nature. 2001 May 3;411(6833):41-2.



Biological questions

• Lethality and centrality
Jeong H, Mason SP, Barabasi AL, Oltvai ZN. 
Lethality and centrality in protein networks. 
Nature. 2001 May 3;411(6833):41-2.

Conclusion:
More connected proteins are more important



Biological questions
• Degree anti-correlations

conclusion:
MODULARITY
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Biological questions
• Degree anti-correlations

conclusion:
MODULARITY

SEE RELATED PAPER BY     T.Ideker
    IN THE READING LIST



Biological questions

• Regulatory motifs
                    (see papers by U.Alon

                           and T.Ideker)



Biological questions

• Communities
               (see papers by M.Newman

                           and L.Mirny)





Scheme of basic concepts
– Characteristics

• diameter
• clustering
• degree distribution
• betweeness
• communities/modules/motifs

– Models
• random
• scale-free
• WS

– Properties
• attack vulnerability
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